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ABSTRACT
We examine a recent deformation of three-dimensional anti-deSitter gravity based on non-
commutative Chern-Simons theory with gauge group U(1, 1) × U(1, 1). In addition to a non-
commutative analogue of 3D gravity, the theory contains two addition gauge fields which
decouple in the commutative limit. It is well known that the level is quantized in noncom-
mutative Chern-Simons theory. Here it implies that the cosmological constant goes like minus
one over an integer-squared. We construct the noncommutative AdS3 vacuum by applying a
Seiberg-Witten map from the commutative case. The procedure is repeated for the case of a
conical space resulting from a massive spinning particle.
Dedicated to Rafael Sorkin in his 60th year.
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1 Introduction
There is current interest in writing down noncommutative deformations of Einstein gravity as
they may serve to model quantum gravity.[1],[2],[3],[4],[5] Some of the proposals are techni-
cally involved and their physical implications are not evident. It is therefore helpful to examine
simple models. One such example was proposed by Banados, et. al. [2] which is applicable
to three dimensional gravity and assumes a constant noncommutativity. That approach is a
deformation of the Chern-Simons description of 3D gravity.[6],[7] The gauge group in the com-
mutative Chern-Simons theory can be ISO(2, 1), SO(3, 1) or SO(2, 2), corresponding to flat,
deSitter (dS) or anti-deSitter (AdS) space, respectively. The deformation to the correspond-
ing noncommutative theory has been given using gauge groups GL(2, C) and U(1, 1)×U(1, 1),
which introduces two additional gauge fields that were not present in the commutative theory.∗
They decouple in the commutative limit, giving rise to two U(1) gauge fields. One feature of
noncommutative Chern-Simons theory is the quantization of the overall constant in the action,
or level, which, unlike in commutative Chern-Simons theory, occurs even when the gauge group
is U(1).[8],[9] Applying this to Chern-Simons gravity leads to the following quantization of the
cosmological constant Λ times the gravitational coupling G squared in the noncommutative
AdS3:
ΛG2 = − 1
16k2
, (1.1)
where k is the integer level. A similar result was found some time ago following a very different
approach.[10] Rather than involving noncommutativity it relied on gravitational instantons and
was applicable in four dimensions.
Chern-Simons theory is trivial in the absence of sources and written on topologically trivial
manifold; i.e. Chern-Simons theory on the plane contains no dynamical degrees of freedom;
nor does Chern-Simons theory on the noncommutative plane. Moreover, one can Seiberg-
Witten map free commutative Chern-Simons theory to the corresponding noncommutative
Chern-Simons theory.[11] So in Chern-Simons gravity, the AdS3 vacuum solution is mapped to
a solution of the free noncommutative gravity equations. We use this procedure to obtain the
noncommutative AdS3 vacuum solution at leading order in the noncommutativity parameter.
At this order, the spin connections and triads are undeformed, but the two additional gauge
fields are nonvanishing on the spatial domain.
Sources can be introduced in commutative gauge theory by removing points from the space.
In the case of 3D gravity, such sources represent conical singularities, which upon embedding in
4D space-time can serve to model cosmic strings. The noncommutative version of this system
may give insight into the quantum theory. Point sources have been introduced previously in
3D noncommutative gravity in the context of matrix algebra.[12],[13] Our approach will be to
Seiberg-Witten map the conical solutions of the commutative theory to the noncommutative
theory and obtain the leading corrections to the commutative theory. The result shows that a
∗Noncommutative Chern-Simons gravity has also been written down using q-deformed gauge groups.[4]
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cloud of flux associated with the two additional gauge fields surrounds the conical singularity
in the noncommutative theory. Moreover, if U(1) fluxes are present in the commutative theory,
the Seiberg-Witten map produces radially-dependent corrections to the effective noncommu-
tative mass and spin.
After giving the argument for the cosmological constant quantization in section 2, the field
equations for commutative and noncommutative Chern-Simons gravity are reviewed in section
3. We write down solutions of the commutative equations in section 4. They correspond to the
AdS3 vacuum and the conical space resulting from a massive spinning particle. In section 5
we apply the Seiberg-Witten map to obtain solutions of the noncommutative theory at lowest
order in the noncommutativity parameter.
2 Quantization of the cosmological constant
Here we review commutative Chern-Simons gravity[7], the noncommutative version as given
in [3], and finally level quantization[8],[9], and show that this leads to (1.1).
2.1 Commutative Chern-Simons gravity
Up to boundary terms, the Einstein-Hilbert action with negative cosmological constant Λ is
the difference of two SU(1, 1) Chern-Simons actions
S(A+,A−) = S+(A+)− S−(A−) , (2.1)
S±(A±) = β
∫
tr
(
A± ∧ dA± + 2
3
A± ∧ A± ∧ A±
)
(2.2)
β is the dimensionless coupling constant which expressed in terms of the gravitational coupling
G and ℓ = 1/
√−Λ is
β =
ℓ
16πG
, (2.3)
and the SU(1, 1) connection one forms A±, which gauge transform according to
A± → A′± = g−1± A±g± + g−1± dg± , (2.4)
g± taking value in SU(1, 1). A± are written in terms of triads ea, a = 0, 1, 2, and spin
connection one forms ωa according to
A± = Aa±τa , Aa± = ωa ± ea/ℓ (2.5)
τa are SU(1, 1) generators
[τa, τb] = ǫabcτ
c , (2.6)
3
indices a, b, c, ... = 0, 1, 2 are raised and lowered with the Lorentzian metric η = diag(−1, 1, 1),
and we take ǫ012 = −ǫ012 = 1. We choose the defining representation
τ0 =
i
2
σ3 τ1 =
1
2
σ1 τ2 =
1
2
σ2 , (2.7)
σa being the three Pauli matrices. Then τaτb =
1
2ǫabcτ
c+ 14ηab1l and Trτaτb =
1
2ηab. Substituting
into (2.1) gives
S(A+,A−) = 1
8πG
∫ (
ea ∧Ra + 1
6ℓ2
ǫabce
a ∧ eb ∧ ec
)
, (2.8)
up to boundary terms, where
Ra = dωa +
1
2
ǫabcωb ∧ ωc (2.9)
is the spin curvature two-form.
Following [3] the gauge group has to be enlarged in the noncommutative theory to U(1, 1)×
U(1, 1).† The resulting gauge theory then contains two additional potentials one forms b±,
which were not present in the above system. Here one replaces SU(1, 1) connection one forms
A± in (2.5) with U(1, 1) connection one forms
Aa±τa + b±τ3 , Aa± = ωa ± ea/ℓ , (2.10)
where τa, a = 0, 1, 2, along with the central element
τ3 =
i
2
1l ,
span the U(1, 1) generators, and one enlarges the set of gauge transformations {g±} in (2.4)
to U(1, 1). Substituting into (2.1) now gives (2.8) plus
−β
2
∫
(b+db+ − b−db−) . (2.11)
Thus b± represent two noninteracting Abelian gauge potentials in the commutative theory
having trivial dynamics. This is not the case in the noncommutative analogue of the theory.
2.2 Noncommutative Chern-Simons gravity
The noncommutative analogue of Chern-Simons gravity was given previously in [2], [3]. Non-
commutativity is realized by replacing the commutative product on the plane by the Groenewold-
Moyal star product
⋆ = exp
{
i
2
θαβ
←−
∂α
−→
∂β
}
(2.12)
†An alternative approach would be to construct the noncommutative theory from the commutative SU(1, 1)×
SU(1, 1) theory using the Seiberg-Witten map as described in [14]. This would then not require the enlargement
of the gauge group. However, a nonperturbative formulation of this approach may not be simple.
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where θαβ = −θβα is the noncommutative matrix and ←−∂α and −→∂β are left and right derivatives
on the commuting plane, respectively. The noncommutative analogue of the action (2.1) is
Sˆ(Aˆ+, Aˆ−) = Sˆ+(Aˆ+)− Sˆ−(Aˆ−) , (2.13)
Sˆ±(Aˆ±) = β
∫
tr
(
Aˆ± ∗∧ dAˆ± + 2
3
Aˆ± ∗∧ Aˆ± ∗∧ Aˆ±
)
, (2.14)
where
∗∧ means one takes a Groenewold-Moyal star product between components of the forms
and A± are U(1, 1) connection one forms, which gauge transform according to
Aˆ± → Aˆ′± = gˆ−1± ⋆ Aˆ± ⋆ gˆ± + gˆ−1± ⋆ dgˆ± , (2.15)
gˆ± taking values in noncommutative U(1, 1), with gˆ
−1
± ⋆ gˆ± = 1. We expand Aˆ± in terms of
connection components eˆa, ωˆa and bˆ±, which respectively are the noncommutative analogues
of triads ea, spin connection one forms ωa and U(1) one forms b±
Aˆ± = Aˆa±τa + bˆ±τ3 , Aˆa± = ωˆa ± eˆa/ℓ . (2.16)
Upon substituting into (2.13) one gets
Sˆ(A+, Aˆ−) = 1
8πG
∫ (
eˆa
∗∧ Rˆa + 1
6ℓ2
ǫabceˆ
a
∗∧ eˆb ∗∧ eˆc
)
+
β
2
∫ (
bˆ−
∗∧ dbˆ− + i
3
bˆ−
∗∧ bˆ− ∗∧ bˆ−
)
− β
2
∫ (
bˆ+
∗∧ dbˆ+ + i
3
bˆ+
∗∧ bˆ+ ∗∧ bˆ+
)
(2.17)
+
iβ
2
∫
(bˆ+ − bˆ−) ∗∧
(
ωˆa
∗∧ ωˆa + 1
ℓ2
eˆa
∗∧ eˆa
)
+
iβ
2ℓ
∫
(bˆ+ + bˆ−)
∗∧
(
ωˆa
∗∧ eˆa + eˆa
∗∧ ωˆa
)
,
up to boundary terms, where
Rˆa = dωˆa +
1
2
ǫabcωˆb
∗∧ ωˆc (2.18)
is the noncommutative analogue of the spin curvature two-form. The analogous two dimen-
sional system was given in [15].
2.3 Level quantization
We finally recall the work of [8],[9]. Here it is more convenient to use the infinite dimensional
matrix realization of Chern-Simons theory. We assume that time t is commutative, while the
space coordinates xˆ1 and xˆ2 generate a Moyal plane
[xˆ1, xˆ2] = iθ . (2.19)
They, along with the U(1, 1) generators τa, act on a Hilbert space H, with a basis |n, s >,
n = 0, 1, 2, ..., s = 1, 2, according to
(xˆ1 + ixˆ2)|n, s > =
√
2θn |n− 1, s > (2.20)
5
τa|n, r > = (τa)rs |n, s > . (2.21)
Next introduce potentials Aˆ±µ , µ = 0, 1, 2, on the noncommutative plane × R1, which are
valued in the Lie-algebra of U(1, 1), meaning that
Aˆ±µ = Aˆ
a±
µ (t, xˆ1, xˆ2) τa . (2.22)
The map from Aˆ±µ to functions Aˆ±µ on R3 is the symbol map, the latter denoting the space-time
components of the one form Aˆ±. Gauge transform are generated by unitary operators Uˆ±
Aˆ±0 → Aˆ′±0 = Uˆ−1± Aˆ±0 Uˆ± + Uˆ−1± ∂0Uˆ±
Aˆ±i → Aˆ′±i = Uˆ−1± Aˆ±i Uˆ± +
i
θ
ǫij Uˆ
−1
± [xˆj , Uˆ±] , i, j = 1, 2 . (2.23)
To obtain the operator analogue of the action (2.14) we replace symbols by the corresponding
operators and the space integral
∫
d2x by 2πθ Tr, where the trace is over all of H. Up to
boundary terms, one gets
Sˆ±(Aˆ
±) =
θk
2
∫
dt Tr
(
−ǫijAˆ±i ∂0Aˆ±j + 2Aˆ±0 Fˆ±12
)
, (2.24)
where
k = 4πβ (2.25)
is the level and
Fˆ±12 =
i
θ
[xˆ2, Aˆ
±
2 ] +
i
θ
[xˆ1, Aˆ
±
1 ] + [Aˆ
±
1 , Aˆ
±
2 ] , (2.26)
which transform covariantly Fˆ±12 → Fˆ
′±
12 = Uˆ
−1
± Fˆ
±
12Uˆ±. Another set of covariant operators is
Xˆ±i =
i
θ
ǫij xˆj + Aˆ
±
i , (2.27)
in terms of which the action (2.24) becomes
Sˆ±(Aˆ
±) = k
∫
dt Tr
(
−θ
2
ǫijXˆ
±
i D0Xˆ
±
j + iAˆ
±
0
)
, (2.28)
where D0Xˆ
±
i = ∂0Xˆ
±
i + [Aˆ
±
0 , Xˆ
±
i ] is covariant under gauge transformations and we have
dropped total time derivatives in the integrand. The first term in the trace is invariant, while
the second is not. As a result, a gauge transformations induces the following change in the
action is
∆Sˆ± = ik
∫
dt TrUˆ−1± ∂0Uˆ± . (2.29)
Following [8],[9], one imposes the boundary condition Uˆ±|n, s >= |n, s > as n → ∞ on the
gauge transformations, effectively making Uˆ± elements of U(N,N), for some large N . (2.29)
is then proportional to the winding number of noncontractable loops in U(N,N) parametrized
by the time. Writing Uˆ±(t) = e
iα(t)Vˆ (t), where Vˆ (t) ∈ SU(N,N), a typical noncontractable
loop is given by
α(−∞) = 0 , V (−∞) = 1l , α(∞) = −πn
N
, V (∞) = e iπnN 1l, (2.30)
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where n is an integer 6= 0. Substituting into (2.29) gives ∆Sˆ± = 2πkn. From the singlevalued-
ness of exp iSˆ±, it then follows that k is an integer. The quantization condition (1.1) results
from (2.25). Note that the U(1) degrees of freedom play a central role in this discussion.
3 Field equations
The field equations following from the commutative Chern-Simons action (2.8) are
Ra +
1
2ℓ2
ǫabceb ∧ ec = 0
T a ≡ dea + ǫabcωb ∧ ec = 0 , (3.1)
along with
db± = 0 , (3.2)
for the U(1) fields. (3.1) states that the SU(1, 1) × SU(1, 1) curvature vanishes
F± ≡ dA± +A± ∧ A± = 0 . (3.3)
The solutions, at least locally, can be expressed as pure gauges
A± = g−1± dg± , (3.4)
where g± are SU(1, 1) group elements. Group elements g in the defining representation of
SU(1, 1) satisfy
1l = σ3g
†σ3g = −4τ0g†τ0g , (3.5)
along with detg = 1.
The noncommutative field equations following from (2.18) are[3]
Rˆa +
1
2ℓ2
ǫabceˆb
∗∧ eˆc = − i
4
[
bˆ−, ωˆa − 1
ℓ
eˆa
]
⋆+
− i
4
[
bˆ+, ωˆa +
1
ℓ
eˆa
]
⋆+
Tˆ a ≡ deˆa + 1
2
ǫabc(ωˆb
∗∧ eˆc + eˆb
∗∧ ωˆc) = iℓ
4
[
bˆ−, ωˆa − 1
ℓ
eˆa
]
⋆+
− iℓ
4
[
bˆ+, ωˆa +
1
ℓ
eˆa
]
⋆+
Bˆ± = dbˆ± +
i
2
bˆ±
∗∧ bˆ± = i
2
(
ωˆa ± 1
ℓ
eˆa
)
∗∧
(
ωˆa ± 1
ℓ
eˆa
)
, (3.6)
where [aˆ, bˆ]⋆+ = aˆ
∗∧ bˆ + bˆ ∗∧ aˆ. The right hand side vanishes in the commutative limit and
one recovers (3.1) and (3.2). (3.6) states that the noncommutative U(1, 1)×U(1, 1) curvature
vanishes
Fˆ± ≡ dAˆ± + Aˆ± ∗∧ Aˆ± = 0 (3.7)
The solutions, at least locally, can again be expressed as pure gauges
Aˆ± = gˆ−1± ⋆ dgˆ± , (3.8)
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where gˆ = gˆ± are noncommutative U(1, 1) group elements, which satisfy
1l = σ3gˆ
†σ3 ⋆ gˆ = −4τ0gˆ†τ0 ⋆ gˆ , (3.9)
now with no restriction on the determinant, and gˆ−1 ⋆ gˆ = 1l. Hence gˆ−1 = −4τ0gˆ†τ0.
In the next two sections we write down solutions of the commutative equations (3.1) and
Seiberg-Witten map them to solutions of the noncommutative equations (3.6).
4 Solutions to the commutative theory
We first write down the AdS3 vacuum solution and then the conical solution resulting from
a massive spinning source. In both cases, b± = 0. This restriction is dropped in the final
example, as we allow the source to have nonvanishing U(1) fluxes.
4.1 The AdS3 vacuum
Start with the AdS3 vacuum metric
ds2 =
−(1 + r2
4ℓ2
)2dt2 + dx21 + dx
2
2
(1− r2
4ℓ2
)2
, (4.1)
where r2 = x21 + x
2
2 . The corresponding triads and spin connections can be given by
e0 =
1+ r
2
4ℓ2
1− r
2
4ℓ2
dt ei = dxi
1− r
2
4ℓ2
ω0 = − 1
2ℓ2
ǫijxidxj
1− r
2
4ℓ2
ωi = 1
ℓ2
ǫijxjdt
1− r
2
4ℓ2
, (4.2)
where i, j, .. denote the spatial components, i, j, .. = 1, 2, and ǫ12 = −ǫ21 = 1. They satisfy
(3.1), or equivalently (3.3), and so solutions can be written as pure gauges (3.4). The SU(1, 1)
group elements g± appearing in (3.4) which give (4.2) are
g± =
1√
1− r2
4ℓ2
(
exp ±it2ℓ ± 12ℓ z¯ exp ±it2ℓ
± 12ℓ z exp ∓it2ℓ exp ∓it2ℓ
)
, (4.3)
where z = x1 + ix2 and z¯ = x1 − ix2. g± represents the gauge transformation from the zero
connection to the vacuum solution (4.2).
4.2 Conical solutions on AdS3
The dynamics of a massive spinning test particle in the AdS3 vacuum was examined in [16].
Here we instead regard the massive spinning particle as a source. For a source at the origin
the field equations are
Ra +
1
2ℓ2
ǫabceb ∧ ec = 2πm δa0δ(x1)δ(x2)d2x
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T a ≡ dea + ǫabcωb ∧ ec = 2πs δa0δ(x1)δ(x2)d2x , (4.4)
or
F± ≡ dA± +A± ∧A± = 2πτ0
(
m± s
ℓ
)
δ(x1)δ(x2)d
2x . (4.5)
In the gauge where only the time components are nonvanishing the solutions are
e0 = s dφ ω0 = m dφ ei = ωi = 0 , r > 0 , (4.6)
or
A± =
(
m± s
ℓ
)
dφ τ0 , r > 0 (4.7)
where φ is the polar coordinate. This connection can be expressed as a pure gauge, but only
if one uses singular group elements
A± = e−(m± sℓ )τ0φ de(m± sℓ )τ0φ . (4.8)
The metric associated with (4.6) is of course singular. To obtain a nonsingular metric one can
perform a gauge transformation (2.4) by g± given in (4.3). We then get the following resulting
triads and spin connections, which we now denote respectively by e′a and ω′a:
e′0 =
1+ r
2
4ℓ2
1− r
2
4ℓ2
(dt+ s dφ) e′i =
(1−m)δij + mxˆixˆj
1− r
2
4ℓ2
dxj
ω′0 =
m(1+ r
2
4ℓ2
) − r
2
2ℓ2
1− r
2
4ℓ2
dφ ω′i = 1
ℓ2
ǫijxjdt + s(xˆixˆj−δij)dxj
1− r
2
4ℓ2
, r > 0 , (4.9)
where xˆi = xi/r. e
′a and ω′a in (4.9) are also solutions to (4.4). This is because the source
term is invariant under gauge transformations by g±, as g± at the origin is a rotation about
τ0, g±|r=0 = exp(∓t τ0/ℓ). The triads in (4.9) are associated with the metric
ds2 =
−(1 + r2
4ℓ2
)2 (dt+ s dφ)2 + dr2 + (1−m)2 r2dφ2
(1− r2
4ℓ2
)2
. (4.10)
In the limit Λ → 0, the connections (4.9) reduce to those in [17], and (4.10) agrees with the
familiar metric of [18] upon a rescaling of the radial coordinate.
4.3 U(1) Fluxes
The U(1) fields were assumed to vanish in the previous two examples. More generally, we can
assign U(1) fluxes Φ± to the source, giving rise to the potentials
b± = Φ± dφ , r > 0 . (4.11)
The total connection one forms are then
A± =
{(
m± s
ℓ
)
τ0 +Φ±τ3
}
dφ , r > 0 . (4.12)
The U(1) potentials are unchanged by the gauge transformation (2.4), and thus (4.9) plus
(4.11) define the general case.
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5 Seiberg-Witten map to noncommutative Chern-Simons grav-
ity
It was shown in [11] that free noncommutative Chern-Simons theory is identical to its commu-
tative counterpart, implying that all solutions of the free commutative theory can be Seiberg-
Witten mapped to all solutions of the free noncommutative theory. Up to first order in θαβ,
the Seiberg-Witten map is given by[14]
Aˆ±µ = Aˆ±µ [A±] = A±µ −
i
4
θαβ[A±α , ∂βA±µ + F±βµ]+ , (5.1)
where µ, ν, .. are the space-time components of the forms and [ , ]+ denotes an anticommutator.
We shall assume that there is no time-space noncommutativity, i.e. θt1 = θt2 = 0, θ12 = θ.
Below we Seiberg-Witten map the commutative solutions of the previous section to their
noncommutative counterpart. In the first two examples, bˆ± vanishes at lowest order in θ, but
picks up a first order contribution from the Seiberg-Witten map. In fact, there are no other
first order contributions, i.e. there are no corrections at this order to the gravitational fields,
eˆa = ea +O(θ2) and ωˆa = ωa +O(θ2). The noncommutative analogue of the AdS3 vacuum is
a solution of the free noncommutative theory.
5.1 Noncommutative AdS3 vacuum
If we substitute the AdS3 vacuum solution (4.2) into (5.1) we obtain induced bˆ± potentials at
first order
bˆ±vac =
θ
2ℓ3
∓dt + r28ℓdφ
(1− r2
4ℓ2
)2
. (5.2)
The resulting connection one form Aˆ± = Aˆ±vac is then just
Aˆ±vac = A± + bˆ±vacτ3 +O(θ2) , (5.3)
where A± is the AdS3 vacuum solution in the commutative theory, which was expressable as
a pure gauge (3.4). (5.3) satisfies the free noncommutative field equations (3.6), which follows
because it is also expressable as a pure gauge
Aˆ±vac = gˆ−1± ⋆ dgˆ± , (5.4)
where, up to first order in θ,
gˆ± =
1√
1− r2
4ℓ2


(
1−
θ
8ℓ2
1− r
2
4ℓ2
)
exp ±it2ℓ ± 12ℓ z¯ exp ±it2ℓ
± 12ℓ z exp ∓it2ℓ
(
1 +
θ
8ℓ2
1− r
2
4ℓ2
)
exp ∓it
2ℓ2

 . (5.5)
(5.5) represents the Seiberg-Witten transformation on gauge group elements.
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5.2 Noncommutative conical space
Next we substitute the singular solution (4.7) into (5.1). This induces nonvanishing bˆ± poten-
tials at first order,
bˆ±sing =
θ
4
(
m± s
ℓ
)2 dφ
r2
, r >>
√
θ . (5.6)
That it goes like θ/r2 is consistent with a dimensional argument. Since the first order correction
is singular as r → 0, the lowest order expression for the Seiberg-Witten map cannot be valid
near the origin. Again there are no corrections at this order to the gravitational fields, and
the resulting connection one form Aˆ± is then just
Aˆ± =
(
m± s
ℓ
)
dφ τ0 + bˆ
±
singτ3 +O(θ2) , r >>
√
θ . (5.7)
The 1/r2 factor in the bˆ± potentials implies that the free noncommutative field equations are
not satisfied, even after removing the origin
Fˆ± ≡ dAˆ± + Aˆ± ∗∧ Aˆ± = −θτ3
2r4
(
m± s
ℓ
)2
d2x + O(θ2) , r >>
√
θ . (5.8)
As a result the Seiberg-Witten map of the potential (4.7) induces a nonlocal source in the last
field equation in (3.6).‡ Because of this one cannot express the result as a pure gauge as in
(5.4), even with singular U(1, 1) × U(1, 1) group elements.
The commutative conical solutions were obtained by performing a commutative gauge
transformation (2.4) on (4.7). Similarly, to obtain the noncommutative conic solutions we
perform a noncommutative gauge transformation (2.15) on (5.7) by gˆ± given in (5.5). To
compute the first order noncommutative corrections we can use
Aˆ′± = gˆ−1± Aˆ±gˆ± + gˆ−1± dgˆ±
(5.9)
+
i
2
θαβ
(
∂αg
−1
± ∂βA±g± + ∂αg−1± A±∂βg± + g−1± ∂αA±∂βg± + ∂αg−1± d∂βg±
)
+O(θ2)
Again there are no corrections at this order to the gravitational fields, and the resulting con-
nection one form Aˆ′± is then just
Aˆ′± = A′± + bˆ±conτ3 +O(θ2) , (5.10)
where A′± is the conical solution in the commutative theory, while the bˆ± potentials are
transformed to
bˆ±con = bˆ
±
vac +
θ
4ℓ2
(
m± s
ℓ
) {
− 1 +
r2
4ℓ2
(1− r2
4ℓ2
)2
+
ℓ2
r2
(
m± s
ℓ
)}
dφ , r >>
√
θ . (5.11)
‡On the other hand, the commutative field strength away from the origin is zero, and if we Seiberg-Witten
map that directly to the noncommutative field strength we get zero. Therefore for singular fields, the Seiberg-
Witten map does not commute with derivations.
11
The result is also obtained by performing the Seiberg-Witten transformation directly on the
conical solution (4.9). This is due to the fact that gauge transformations commute with the
Seiberg-Witten map.§ Since the noncommutative field strength (5.8) is in the τ3 direction and
of order θ it is unchanged at this order under a gauge transformation
Fˆ± → Fˆ ′± = gˆ−1± ⋆ Fˆ± ⋆ gˆ± . (5.12)
5.3 U(1) Fluxes
Finally, we consider the general case where the sources also carry U(1) fluxes in the commuta-
tive theory. Applying the lowest order expression for the Seiberg-Witten map to the potential
A± in (4.12) gives
Aˆ± = A± + θ
4
{(
m± s
ℓ
)2
τ3 + 2Φ±
(
m± s
ℓ
)
τ0 +Φ
2
±τ3
}
dφ
r2
+ O(θ2) , r >>
√
θ, (5.13)
and so now there are corrections at this order to the triads and spin connections. As before
the correction breaks down near the origin. (5.8) is now replaced by
Fˆ± ≡ dAˆ±+Aˆ± ∗∧ Aˆ± = −θ
2
{(
m±s
ℓ
)2
τ3+2Φ±
(
m±s
ℓ
)
τ0+Φ
2
±τ3
}
d2x
r4
+ O(θ2) , r >>
√
θ ,
(5.14)
and nonlocal sources are now induced in all of the field equations in (3.6). Finally after
performing the noncommutative gauge transformation (2.15), we get
Aˆ′± = A′± +
θΦ±
2r2
(
m± s
ℓ
)(
1 + r
2
4ℓ2
)
− r22ℓ2
1− r2
4ℓ2
dφ τ0
∓ θΦ±
2ℓr2
xˆixˆjdxj − ǫijxj
(
m± s
ℓ
− 1
)
dφ
1− r2
4ℓ2
τi (5.15)
+
θ
4r2
{
Φ2± +
(
m± s
ℓ
)2
−
(
m± s
ℓ
) r2
ℓ2
(
1 + r
2
4ℓ2
)
(
1− r2
4ℓ2
)2
}
dφ τ3 + O(θ2) , r >>
√
θ
where A′± is the commutative result. Then up to first order, the noncommutative triads and
spin connections are
eˆ′0 =
1
1− r24ℓ2
{(
1 +
r2
4ℓ2
)[
dt+
(
s+
θ
4r2
(mℓΦd + sΦs)
)
dφ
]
− θΦd
8ℓ
dφ
}
eˆ′i =
1
1− r2
4ℓ2
{(
m+
θ
4ℓr2
[(m− 2)ℓΦs + sΦd]
)
xˆixˆjdxj
§More generally, the commutator of the Seiberg-Witten map with gauge transformations closes to gauge
transformations.[19],[20]
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−
(
m− 1 + θ
4ℓr2
[(m− 1)ℓΦs + sΦd]
)
dxi
}
ωˆ′0 =
dφ
1− r2
4ℓ2
{(
1 +
r2
4ℓ2
)(
m+
θ
4ℓr2
(mℓΦs + sΦd)
)
− r
2
2ℓ2
(
1 +
θΦs
4r2
)}
ωˆ′i =
1
ℓ2
1− r24ℓ2
{
ǫijxjdt+
(
s+
θ
4r2
[(m− 2)ℓΦd + sΦs]
)
xˆixˆjdxj
−
(
s+
θ
4r2
[(m− 1)ℓΦd + sΦs]
)
dxi
}
, (5.16)
where Φs = Φ+ + Φ− and Φd = Φ+ − Φ−. In the limit of large mass m >> 1, and again for
r >>
√
θ, one can argue from the above result that there is an effective r−dependent mass
and spin
meff (r) ≈ m+ θ
4r2
(
mΦs +
sΦd
ℓ
)
seff (r) ≈ s + θ
4r2
(sΦs +mℓΦd) . (5.17)
5.4 The metric
The physical interpretation of the solutions to the noncommutative theory remain unclear
without a noncommutative analogue of the metric tensor. The definition of the noncommuta-
tive metric is in general ambiguous due to ordering problems. A definition in [3] which gives
a real result for the case of the Groenewold-Moyal product is the symmetric part of
gˆµν = eˆ
a
µ ⋆ eˆ
b
ν ηab . (5.18)
To compute first order corrections from it, we can replace the star product by ordinary mul-
tiplication gˆµν + gˆνµ = 2eˆ
a
µeˆ
b
νηab + O(θ2), and as a result the AdS3 vacuum metric (4.1)
receives no order θ corrections. The same is true for the metric (4.10) describing the conical
space when no U(1) fluxes are present. If U(1) fluxes are present the triads receive first order
corrections, and hence so does the metric
dsˆ2 = ds2 +
θ
2r2
(1− r2
4ℓ2
)2
{
−
(
1 +
r2
4ℓ2
)[(
1 +
r2
4ℓ2
)
(mℓΦd + sΦs)− r
2Φd
2ℓ
]
(dt+ s dφ)dφ
− Φsdr2 + (m− 1)
[
(m− 1)Φs + s
ℓ
Φd
]
r2dφ2
}
+ O(θ2) , r >>
√
θ ,
where ds2 is given by (4.10). Similarly, in [2] it was found that the only nontrivial first order
noncommutative corrections to the BTZ black hole solution occur when the U(1) fluxes are
turned on.
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6 Concluding remarks
In this article we argued that the cosmological constant (more precisely, ΛG2) gets quantized in
noncommutative three-dimensional Chern-Simons gravity based on U(1, 1)×U(1, 1). It would
be of interest to explore whether this result can be generalized to higher dimensions.
We also mapped solutions of commutative Chern-Simons gravity to the corresponding non-
commutative theory, and computed the lowest order corrections to the metric and the U(1)
fields. However, the physical interpretation of the noncommutative theory remains problem-
atic. An alternative approach would be to search for solutions of the noncommutative theory
and then map back to the commutative theory where the interpretation is that of standard
Einstein gravity (at least when the metric is nonsingular). Both of these approaches however
are limited by the fact that the Seiberg-Witten map is in general only known perturbatively.
Moreover, for conical spaces, we see that the perturbative expansion breaks down near the
singularity r ∼ √θ. It is often believed that the singularities which occur in general relativity
can be removed by passing to a noncommutative version of the theory. Unfortunately here,
since the Seiberg-Witten map breaks down near the origin one cannot check whether this is
the case for the conical singularity, at least the perturbative level, and the prospects of a non-
perturbative solution seems difficult. Clarification of this issue should come upon replacing the
point source in the commutative theory with a nonlocal distribution arising from some matter
fields. A Seiberg-Witten map can then be performed directly on the matter fields which would
induce a nonlocal source for the U(1, 1)×U(1, 1) gauge fields, replacing the obscure right hand
side of (5.8).
Yet another approach to understanding the region near the conical singularity in the non-
commutative theory is to drop the restriction of a constant noncommutative structure (2.19).
One should then also adopt a more general star product, such as the one developed in [21]
based on nonlinear coherent states. This approach has been taken to analyze the noncommu-
tative analogue of the punctured plane in [22]. There it was found that near the commutative
limit, and far from the puncture, θ was constant, hence corresponding to the noncommutative
plane. θ went linearly to zero as the puncture was approached, which may lead to a more
consistent description of noncommutative conical spaces. In the context of U(1) Chern-Simons
theory, degrees of freedom associated with a deformed w∞ algebra were found to be localized
near the puncture for small θ.[23] Similar results are then expected for the U(1, 1) × U(1, 1)
Chern-Simons theory studied here, with gravitational degrees of freedom located in the vicinity
of the conical singularity.
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